We consider magnetized orbifolds, where the supersymmetric mass term for a pair of up-and down-type Higgs (super)fields, called µ-term, is localized at the orbifold fixed points, and study the effects on the zero-mode spectra. It is known that, without such localized sources, the zero-mode degeneracy, which is identified as the generation in fourdimensional (4D) effective theories, is determined by the magnetic fluxes, and multi-Higgs models appear in general in magnetized orbifold models. We derive the analytic form of the µ-term matrix in the 4D effective theory, which is generated by the localized sources on T 2 /Z 2 orbifold fixed points, and find that the rank of the mass matrix for Higgs zeromodes is raised by the number of fixed points where nonvanishing µ-terms are located. We show some remarkable features of the mass eigenvalues and eigenstates, those are relevant to the low-energy phenomenology. *
Introduction
In particle physics models constructed so far, extra-dimensional theories sometimes play important roles for explaining the observed structures of the standard model (SM). In particular, revealing the origins of chiral structure, generation structure, and flavor structure such as the observed hierarchical masses and mixing angles of quarks and leptons are challenging issues in theories beyond the SM. The introduction of magnetic fluxes in extra-dimensional space is a promising way to realize the above SM structures in four-dimensional (4D) effective theories (see Refs. [1, 2, 3] and references therein). In such theories, the number of degenerated chiral zero-modes, those arise as a consequence of magnetic fluxes and can be recognized as generations, is determined by the number of fluxes they feel.
The orbifold projection is another way to obtain chiral structures. When we consider orbifold models with magnetic fluxes, the relation between the number of magnetic fluxes and the number of chiral zero-modes changes drastically [4, 5] , providing wide varieties of phenomenological models. A series of studies about the phenomenological model building on magnetized orbifolds was carried out in Refs. [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] , the generalizations and classifications of such models have been done in Refs. [18, 19, 20, 21, 22] and the investigations on quantum corrections [23, 24, 25] . In magnetized orbifold models, multiple Higgs generations also appear in general. Especially, due to the gauge invariance, the Higgs multiplicity is unavoidable if we require the nonvanishing Yukawa couplings to three generations of quarks and leptons, those arise as degenerated zero-modes. Therefore, it is nontrivial to decouple extra Higgs generations, in order the multiple Higgs models to be phenomenologically viable.
The supersymmetry is also introduced in many models beyond the SM (see Ref. [26] for a review). It protects scalar masses against huge radiative corrections, hence gives a solution to the fine-tuning problem of Higgs mass parameter in the SM. The minimal supersymmetric standard model (MSSM) predicts a unification of the SM gauge couplings at a high energy scale M U ∼ 10 16 GeV, which may indicate a grand unification of the SM gauge groups. The
Higgs sector of the MSSM consists of two Higgs doublets h u and h d , those form chiral multiplets under the supersymmetry and described by chiral superfields H u and H d , respectively. The Higgs potential responsible for the electroweak symmetry breaking is characterized by a supersymmetric mass parameter µ appears in the so-called µ-term written in the superspace as
as well as the gauge couplings and soft supersymmetry breaking parameters. It is known that the mass parameter µ should be of O(10 2 ) GeV to reproduce the correct electroweak scale required for explaining the observed masses of electroweak gauge bosons, otherwise a fine-tuning is required between the supersymmetric mass parameter µ and certain supersymmetry breaking mass parameters. However, the reason why µ is so small compared with the fundamental scale such as the Planck scale M P ∼ 10
18 GeV or the unification scale M U ∼ 10 16 GeV has never been understood well. This is referred to as the µ-problem (see Ref. [26] for a review).
The supersymmetry in a higher-dimensional spacetime is larger than the one in fourdimensions. It sometimes occurs that the µ-term (1.1) is forbidden by such an extended supersymmetry. Then, it is problematic when we construct supersymmetric models in higher-dimensional spacetime. In orbifold models, however, there are fixed points in extradimensional space and symmetries such as gauge symmetries and/or supersymmetry are partially broken at these points. Hence there is a possibility that some Lagrangian terms, those are forbidden in the bulk, are allowed at the fixed points where the symmetries are reduced. For example, certain mass terms localized at orbifold fixed points coexisting with bulk magnetic fluxes were studied in Ref. [27] and applied to a neutrino phenomenology in Ref. [28] . Then, it is certainly interesting to consider localized µ-terms at the fixed points of magnetized orbifolds.
In this paper, we study the effects of µ-terms localized at the fixed points on Kaluza-Klein (KK) zero-modes of Higgs (super)fields in magnetized orbifold models. We consider a sixdimensional (6D) spacetime 1) , for simplicity, where two extra dimensions are compactified on a toroidal orbifold T 2 /Z 2 which has four fixed points. By introducing magnetic fluxes and the localized µ-terms, we derive the effective µ-terms for the degenerated KK zero-modes of Higgs (super)fields, and analyze their mass matrix deformed by the localized sources. We will find that the rank of the mass matrix is determined by the number of fixed points where nonvanishing µ-terms are located, and the eigenvalues and the eigenstates have phenomenologically interesting features, depending on the number of magnetic fluxes felt by the Higgs fields, their orbifold parities and the complex structure of the torus T 2 . The organization of this paper is as follows. In Sec. 2, we review magnetized orbifold models on T 2 /Z 2 . In Sec. 3, the effects of localized µ-terms on Higgs zero-modes are studied in the case that the number of KK zero-modes is less than or equal to the number of localized sources. We will find that one of the mass eigenvalues tends to be hierarchically small compared to the others in this case. In Sec. 4, the opposite case to the one analyzed in Sec. 3 is studied, and a model is shown to realize the observed mass hierarchy for down-type 1) We assume that the 6D models considered in this paper can be embedded into higher dimensions to preserve the supersymmetry even with magnetic fluxes, that is explained in some detail in the next section.
quarks. In Sec. 5, we confirm that the effects from KK excitation modes are negligible in the zero-mode analyses. Sec. 6 is devoted to conclusions.
Review of magnetized orbifold models
In this section we review extra-dimensional models with magnetic fluxes on a torus or a toroidal orbifold based on Refs. [2, 5] . In this paper, we consider 6D spacetime, i.e., the observed 4D Minkowski spacetime M 4 and the torus T 2 or orbifold T 2 /Z 2 as a two-dimensional extra space. Their coordinates are represented by x µ (µ = 0, 1, 2, 3) and z = (y 5 + τ y 6 )/2πR, respectively, where 2πR is the period of T 2 in y 5 -direction, and τ ∈ C (Im τ > 0) parameterizes the complex structure of T 2 . We call M c = 1/R the compactification scale in this paper.
First we consider the torus T 2 defined by the identification
and introduce background magnetic fluxes b for an Abelian gauge field strength F such as
Hence, the extra-dimensional components A z of the vector potential can be written as
For the single-valuedness of charged-matter wavefunction up to a gauge transformation, the value of M = Qb/2π is restricted to be an integer, that is, Dirac's quantization condition, where Q is the U(1) charge of the corresponding matter field. Under an appropriate twisted boundary condition determined by the flux b, we can expand 6D charged spinor and scalar fields Ψ(x µ , z) and Φ(x µ , z) into Kaluza-Klein (KK) modes, respectively, as 6) and J = 0, 1, 2, · · · , M − 1 labels M degenerated zero-modes. In this expression, ϑ describes the Jacobi-theta function and N M = (2Im τ M/A 2 ) 1/4 is a normalization constant (with the mass dimension +1) expressed by the area of torus A. We should comment that there is no normalizable solution for ψ − for M > 0. This means that 4D effective theories possess a chiral structure by introducing a non-zero magnetic flux. In addition to that, the chiral zero-modes ψ + have the M-degeneration labeled by J. (For M < 0, there is no normalizable solution for ψ + , and |M|-degenerated chiral zero-modes ψ − appear.) We can interpret it as a generation structure of the chiral fermion in 4D effective theories, which can be the origin of, e.g., three families of quarks and leptons in the standard model with a suitable choice of fluxes.
In a similar way, we can analyze KK modes for the scalar field Φ (x µ , z) in Eq. (2.5) as eigenstates of the Laplace operator on T 2 . In this case, there is no massless mode contrary to the spinor case [2, 29] . However, we implicitly assume that our 6D models can be embedded into a ten-dimensional (10D) spacetime compactified on three tori T 3) is identified as the torus T 2 of the 6D models. Then, the scalar lowestmodes keep massless by imposing a supersymmetry condition (see Ref. [2] and references therein): F 4,5 /A 1 + F 6,7 /A 2 + F 8,9 /A 3 = 0, where F 2i+2,2i+3 and A i denote the background value of a (real) gauge field strength and the area of the i-th torus T 2 i . The background fluxes F 2i+2,2i+3 = 0 (as well as orbifoldings) generically break higher-dimensional supersymmetry. In this paper, since we consider supersymmetric µ-terms in 4D effective theory, we assume that our 6D models are somehow embedded in 10D and there exists 4D N = 1 supersymmetry at least by satisfying the above condition. (For concrete 10D models on T , see Ref. [8] for example.) In this case, the scalar mode analysis is completely analogous to the spinor one (on each torus T 2 i ), and both of them can be simultaneously performed on N = 1 superspace [8, 30] .
Given the wavefunctions for spinor and scalar zero-modes on T 2 in the form of Eq. (2.6), Yukawa coupling constants in the 4D effective theory can be expressed analytically as [2] 
where the gauge invariance requires M 1 + M 2 = M 3 and the overall constant g has the mass dimension −1. Note that the Yukawa coupling originates from a gauge coupling if the 6D models are embedded in 10D super Yang-Mills (SYM) theory. Now, we extend the torus T 2 to the orbifold T 2 /Z 2 . In this case, a further identification on the extra coordinate, called Z 2 -projection,
is imposed in addition to the toroidal ones (2.1), and the resultant fundamental region on z-plane is shown in Fig. 1 . Due to this projection, wavefunctions on T 2 /Z 2 can be expressed as certain linear combinations of the wavefunctions (2.6) on T 2 shown previously. Those are described by 
The fundamental domain of the torus T 2 and the orbifold T 2 /Z 2 . The blue/gray region is a fundamental region of T 2 , the blue region is a fundamental region of T 2 /Z 2 , and the black dots represent the four fixed points of the orbifold. This figure is drawn for a generic complex structure τ ∈ C, where the angle ϕ between y 5 and y 6 axes is given by τ ≡ |τ |e iϕ . Table 1 : The relation between the number M of fluxes felt by a field on T 2 /Z 2 and the degeneracy M η of parity even (η = +1) or odd (η = −1) zero-modes of the field, where
satisfying the boundary condition Θ
, where η = ±1 is called the Z 2 -parity. The wavefunctions on T 2 /Z 2 are classified into either the parity even mode with η = +1 or the odd mode with η = −1, under the Z 2 -reflection. The relation between the number M of fluxes on T 2 /Z 2 and the degeneracy M η of parity even (η = +1) or odd (η = −1) zero-modes is shown in Tab. 1. According to this structure, contrary to the toroidal case, the number M η of zero-modes with each parity η = ±1 can be different from the number M of fluxes, M η = M in general, depending on their parity. Therefore, we can construct a wide variety of models on orbifolds. (See Refs. [4, 5, 6, 19] and subsequent papers.)
In the next two sections, we will analyze µ-terms (1.1) localized on the orbifold fixed points. Hence, we discuss properties of the wavefunction (2.6) on the T 2 /Z 2 fixed points here. As shown in Fig 1, there are four fixed points k = 1, 2, 3, 4 located at z = z k on the T 2 /Z 2 orbifold, where z k are given by
In the following analyses, we parameterize them by
where p, q = 0, 1, hence four combinations (p, q) = (0, 0), (0, 1), (1, 0) and (1, 1) correspond to z 1 , z 2 , z 3 and z 4 , respectively. According to Ref. [27] , the values of wavefunctions (2.6) on T 2 at these fixed points k = 1, 2, 3, 4 are computed as
Then, we find the expression for wavefunctions (2.9) on T 2 /Z 2 as
where
(the other cases) (2.14)
for η = +1. This tells us that, for given M and J, the value of orbifold wavefunction at any fixed point is proportional to the one of torus wavefunctions at the same fixed point. Note that when a wavefunction has the even parity (η = +1), the coefficient ρ M k vanishes only if M is an odd integer and k is four. Therefore, if we introduce any odd number of fluxes, the parity even wavefunctions vanish at the fixed point z 4 , while the parity-odd wavefunctions do not. We have to be careful of this property when we construct models.
Deformation of Higgs zero-modes by localized µ-terms
The supersymmetry in higher-dimensional spacetime corresponds to N ≥ 2 in terms of the 4D supercharge, hence it sometimes occurs in the model building that the terms written in N = 1 superpotential, like the µ-term, are forbidden in the bulk action. For example, as mentioned in the previous section, we implicitly assume that our 6D models are embedded in 10D spacetime, where the (global) supersymmetry is enhanced to N = 4, and the µ-term is actually forbidden in the bulk action of magnetized orbifold models based on 10D SYM theory. Even in this case, there is a possibility that superpotential terms are allowed at some orbifold fixed points where the supersymmetry is broken down to N = 1. We consider such a situation in this paper, and study the effects of localized µ-terms at the fixed points of a typical orbifold background T 2 /Z 2 , which could be contained in higher-dimensional orbifolds or (certain singular limits of) some manifolds like Calabi-Yau spaces, in a bottom-up manner. In the following, we assume a Kähler potential is the canonical one in the bulk discussed in Ref. [31] .
Motivated by the above arguments, we introduce localized µ-terms at the fixed points located at z = z k (k = 1, 2, 3, 4) defined in Eq. (2.10) on the orbifold T 2 /Z 2 , and study their effects on Higgs zero-modes in the 4D effective theory. Such µ-terms are described by the 6D Lagrangian written in 4D N = 1 superspace, 
4D effective µ-term
Because we assume that the N = 1 supersymmetry, here described by θ, is preserved in our system, the superfields H u (x µ , z, θ) and H d (x µ , z, θ) themselves can be expanded into the KK towers as in Eq. (2.4) [8, 30] . In this section and the next section, we focus on the KK zero-modes, neglecting all the KK excitation modes whose masses are of O(M c ) by assuming M c is so high that they decouple from the zero-modes at a lower energy. Later, in Sec. 5, we will confirm that their effects are actually negligible based on a numerical analysis. Then, the 4D effective µ-terms are described as
where the 4D superfields
, respectively, and µ IJ eff is the supersymmetric mass matrix for them, which we call the effective µ-matrix.
Using the relation (2.13), we can describe the M η × M η matrix µ IJ eff with respect to the wavefunctions (2.6) on T 2 as
In the following analyses, we consider all possible combinations of ν k shown in Tab. 2. In the following, we denote the number of pairs of up-and down-type Higgs KK zero-modes by n h (= M η ) and the number of T 2 /Z 2 fixed points filled with nonvanishing µ-terms (ν k = 0) by n ν (≤ 4).
It is important to note that we generically encounter the class in which r < n h , where r is the rank of the µ-matrix (3.3), hence massless Higgs pairs remain in this class. We will find that such a class corresponds to the cases with n h > n ν , those are analyzed in the next section 4. In the remaining part of this section, we study the other cases with n h ≤ n ν , where the µ-matrix (3.3) has the full rank (r = n h ) and all the Higgs pairs become massive due to the localized µ-terms (3.1). It is not an easy task to diagonalize the µ-matrix (3.3) for Case 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
, and (M, η) = (4, −1). Although it can be shown that all the fifteen cases shown in Tab. 2 yield a full-rank µ-matrix, we treat the first four cases (Case 1 -4) , that is, the localized µ-term is introduced at one of four fixed points (n ν = 1), for simplicity. Eq. (3.3) is no longer a matrix and simplified as
Here and hereafter, we consider a pure imaginary complex structure of T 2 as τ = iIm τ with the real and positive parameter Im τ , and also parameterize the position z k of the single fixed point k by p, q = 0, 1 as in Eq. (2.11) where ν k = 0 is located. With these parameterizations, the wavefunction (2.6) on T 2 evaluated at z = z k is denoted by 5) and the effective µ-parameter can be expressed as
Since the last factor in Eq. (3.6) has a Gaussian-dependence on the index l and a summation over all integers (−∞ < l < ∞), l = 0 give the dominant contribution for q = 0, while both l = 0 and 1 are dominant for q = 1. Thus, we estimate the approximate value of µ eff by the dominant contribution in the following computations. vanishes with the odd number of fluxes as shown in Eq. (2.14). On the other hand, in Case 3, it is remarkable that the Im τ -dependence of the effective µ-parameter remains in a form of the exponential factor, which can provide a solution to the so-called µ-problem with a suitable value of Im τ . The coefficient 2ν k N 2 1 has the mass dimension +1 and its natural order will be of O(M c ), because the compactification scale M c plays a role of a cut-off scale in the effective theories of zero-modes. Then, if we consider that the compactification scale is around the unification scale ∼ 10
16 GeV, the effective µ-parameter in Case 3 can be estimated as
with Im τ = 20. Therefore, we can obtain a TeV scale µ-parameter if the imaginary part of the complex structure moduli is fixed suitably. In this case, only the fixed point z 3 can realize the TeV scale effective µ-parameter. However, which fixed points can reproduce a TeV scale µ-parameter depends on choices of (M, η) and the gauge of the flux background. Similar properties are observed for (M, η) = (3, −1) and a TeV scale µ-parameter can be realized in Case 4 with Im τ ≃ 60, while the effective µ-parameter always vanishes in Case 1 -4 for (M, η) = (4, −1). Next, we describe the case where two generations of Higgs pair arise (n h = 2), showing the analysis for (M, η) = (2, +1) as a simple example. Two generations are labeled by J = 0, 1 and the effective µ-matrix becomes 2 × 2 one, whose components are evaluated by
To obtain a 2×2 full-rank µ-matrix, we restrict ourselves to the last eleven cases (Case 5 -15) in Tab. 2. For example, in Case 5, the µ-matrix can be estimated, in the same approximation as the above single-generation cases for Gaussian factors, as
Im τ Table 4 : All the possibilities yielding less than five generations of Higgs pairs. To have fullrank µ matrices, the number of fixed points filled with ν k = 0 has to be equal to or more than the number of Higgs zero-modes, restricting the possible combinations of ν k in Tab. 2.
Im τ ≪ 1, the matrix (3.10) can be diagonalized as
where we find hierarchical eigenvalues. As in the above argument for single-generation cases, the natural order of the overall factor N 2 2 (ν 1 + ν 2 ) in Eq. (3.11) will be of O(M c ) and we consider M c ∼ 10
16 GeV again. Hence, one of two eigenvalues in Eq. (3.11) can be of O(10 3 ) GeV with Im τ ≃ 10, while another is of O(10 16 ) GeV. It is a quite interesting feature of this model that only a single pair of Higgs multiplets can obtain a TeV scale µ-term, while another pair completely decouples with low scale physics and receives a supersymmetric mass of the order of the compactification scale. We expect that this type of mechanism will be utilized to effectively realize the minimal supersymmetric standard model (MSSM) with a TeV scale µ-term in a certain class of magnetized orbifold models. Although we could obtain this result analytically in Case 5, it is in general hard to perform similar analyses for the other cases. Hence, we study them numerically in the next subsection.
Numerical analysis for n h ≤ n ν
Finally, we analyze the effect of localized µ-terms (3.1) in detail numerically. In this section, we study the cases with n h ≤ n ν where full-rank µ-matrices are obtained. There are seven patterns of fluxes M = 1, 2, · · · , 7, those yield less than five generations of Higgs pairs in 4D effective theories, and all the possibilities are shown in Tab. 4 . We have to consider that the Higgs fields basically have the even parity η = +1, since the wavefunctions of the parity odd modes η = −1 mostly vanish at the fixed points as followed from Eq. (2.13), and then the full-rank µ-matrix does not appear except for the single-generation Higgs cases.
The numerical results of all possibilities are provided in Tabs. 5 and 6 for single-and multigeneration Higgs cases, respectively. The numbers in these tables express the approximate values of Im τ with which only a single pair of Higgs has a TeV scale µ-parameter in the effective theory. On the other hand, hyphens, slashes, and "multi" represent that one or more Higgs pairs remain massless, all the pairs receive heavy masses of O(M c ), and more than one Higgs pairs have a TeV scale µ-parameter in the effective theory, respectively. We also show the Im τ -dependence of µ eff for typical cases in Fig. 2 cases, which has a remarkable structure that, even though all the four fixed points are filled with ν k = 0, there exists only one TeV scale µ-parameter while the others are of O(M c ). Therefore, we expect that the MSSM with a TeV scale µ-term can be effectively realized in magnetized orbifold models with three-generation Higgs pairs. Before closing this section, we make some comments on the Yukawa couplings to the SM quarks and leptons. The gauge invariance requires M 1 + M 2 = M 3 in the expression of the Yukawa coupling (2.7), where M 1 and M 2 can be identified with the fluxes felt by left-and right-handed quarks or leptons, respectively, and then M 3 determines the number of Higgs generations. To obtain three generations of quarks and leptons with nonvanishing Yukawa couplings based on Tab. 1, we find that M 3 = 8, 9, 10, 14, 15 or 16 are allowed by the condition M 1 + M 2 = M 3 [6] unless we suppose nontrivial Wilson line twists. Thus, the number of Higgs generation cannot be less than five in this case.
2) In other words, since the maximum rank of the µ-matrices is four because of the four fixed points on T 2 /Z 2 , any model with n h ≤ n ν (≤ 4 on T 2 /Z 2 ) analyzed in this section cannot have bulk Yukawa couplings (2.7). There will be, however, some possibilities to produce them by considering other effects such as higher-order couplings, nonperturbative effects as well as some localized generations and/or Yukawa couplings at the fixed points. Therefore, it is nevertheless important to study multi-Higgs models with less than five generations as has been done in this section.
On the other hand, the same argument tells us that the cases with n h > n ν can produce nonvanishing Yukawa couplings (2.7), those will be studied in the next section. We will (M, M η ) (2, 2) (3, 2) (4, 3) (5, 3) (6, 4) (7, 4) Case 5 10 Table 7 : The number n 0 of zero eigenvalues of the µ-matrix for n h > n ν = 4, 3 on T 2 /Z 2 , where the Higgs fields are assigned as parity even (η = +1) and then n h = M + .
find that the effective µ-matrix cannot be full rank and massless Higgs pairs remain in these cases, those could obtain masses due to, e.g., nonperturbative and/or supersymmetry breaking effects. Therefore, in the next section, we focus on the structure of Yukawa matrices by identifying one of the massless pairs as a Higgs pair in the MSSM.
Analysis for n h > n ν and Yukawa matrices
In the previous section, we investigated the cases with n h ≤ n ν where the µ-matrices become full rank. In this section, we study the other cases with n h > n ν . The number n 0 of zero eigenvalues of the µ-matrix is, in general, determined by the size n h ×n h of the matrix and the number n ν of fixed points filled with nonvanishing µ-terms. For instance, the numbers of n 0 for n h > n ν = 4, 3 on T 2 /Z 2 are shown in Tab. 7, where we find that the effective µ-matrix cannot be full rank, n 0 = 0, and the number n 0 is determined as n 0 = n h − n ν . This result tells us that the original number n h of massless Higgs pairs without the localized sources is effectively reduced by the number n ν of localized µ-terms, which may help to reduce the number of multiple (in general too many) Higgs zero-modes in magnetized orbifold models. Note that n ν = n h − n 0 Higgs fields receive heavy masses of O(M c ).
If we consider that one of the remaining massless pairs plays the roles of MSSM Higgs (super)fields H u and H d , it is worth analyzing the Yukawa couplings with quarks and leptons derived as overlap integrals of their wavefunctions, those are also determined by magnetic fluxes. In previous works [9, 13, 16] , it was shown that semi-realistic patterns of mass ratios and mixing angles among three generations of quarks and leptons are obtained on magnetized orbifolds, by assuming a certain linear combination of multiple Higgs zero-modes to be the MSSM one and the others are somehow heavy. Then, it would be interesting if the particular linear combination is selected as a massless direction by localized µ-terms at the fixed points, which realizes a realistic pattern of quark and/or lepton masses and mixings. In this case, as mentioned at the end of the previous section, some effects such as nonperturbative ones in addition to the localized sources are required to obtain the µ-term for the MSSM Higgs pairs (and those for the other massless pairs if n 0 > 1), which we implicitly assume in the following arguments. Now we study Yukawa couplings in the case that (H u , H d ) appears as the single massless pair among all the eigenstates of µ-matrix, i.e. n 0 = 1, with three generations of left-and right-handed fermions (quarks or leptons) charged under the fluxed U(1). From Tabs. 1 and 7, we find that the unique combination of fluxes (M 1 , M 2 , M 3 ) = (4, 4, 8) satisfies these conditions and at the same time allows nonvanishing Yukawa coupling constants (2.7), where M 1 , M 2 and M 3 are felt by left-, right-handed fermion and Higgs fields, respectively. In this case, the µ-matrix (3.3) is determined by M = 8 wavefunction evaluated at the fixed points, (z 1 ) which has a periodicity u I+8 = u I . We find
Hence, the eigenvector v I with the zero eigenvalue which satisfies
which can be expressed in a matrix form as
The normalized solution of the above equation is
u 2 , which depends on the imaginary part of the complex structure moduli, Im τ .
The Yukawa matrix for three generation fermions is We can approximate the above Yukawa matrix as
and the eigenvalues are described as
Note that these eigenvalues depend on only the imaginary part of the complex structure modulus τ since we assume the real part of the complex structure is zero for simplicity. The Im τ -dependences of fermion mass ratios generated by the Yukawa matrix 
Therefore, the mass hierarchy of down-type quarks can be produced, if the complex structure modulus of T 2 /Z 2 is fixed as Im τ = 3.2. In this case, the mass hierarchies of up-type quarks and charged leptons cannot be produced in any value of Im τ , but if we consider other effects as mentioned in Sec. 3 there will be some possibilities to produce them.
Effects of KK excitation modes
In this section, we show that the effects of KK excitation modes on the lowest eigenstates of µ-matrix are negligible based on numerical analyses. In our 6D models, H u and H d originate from hypermultiplets (H u , H .2) has the same feature as the zero-mode one (3.3) , that is, they are not full-rank matrices for n h < n ν , and hence the massless eigenstates appear in this case. We analyze the effects of KK excitations on the lowest eigenstates (especially the eigenvalues) of the mass matrix (5.2) based on similar analyses performed in Ref. [27] . By identifying a cut-off scale as Λ ≃ m n=Nmax , the matrix (5.2) is regularized to be a finite one within n, m, n ′ , m ′ ≤ N max . By diagonalizing the finite matrix numerically, we can derive the N max -dependences of the eigenvalues, those are shown in Fig. 4 for typical parameter choices. From this figure, we confirm that the effects of KK excitations on the lowest eigenvalue are negligible independently on the cut-off scale Λ, which justifies the validity of arguments in the previous sections.
Conclusion
We have shown in this paper how the µ-terms localized at the fixed points affect the degenerated KK zero-modes of Higgs pairs (H u , H d ) in magnetized orbifold models on T 2 /Z 2 , where the degeneracy n h is determined by the magnetic fluxes M they feel as well as their orbifold parity η. By diagonalizing the µ-matrix µ IJ eff in the 4D effective theory, we find that the rank of the mass matrix for Higgs zero-modes is raised by the number of fixed points n ν ≤ 4 where nonvanishing µ-terms ν k = 0 are localized, hence n 0 = max (n h − n ν , 0) pairs remain massless as a result.
For n h ≤ n ν , all the Higgs zero-modes become massive due to the localized µ-terms. Then, we find one of the eigenvalues of µ IJ eff tends to be hierarchically small compared with the others if the imaginary part of the complex structure of T 2 is mildly large, due to a Gaussian structure of wavefunctions. The result suggests that the MSSM-like models with a single pair of Higgs possessing a small µ-parameter (compared with the cut-off scale) effectively arise at low energies, even though multiple Higgs zero-modes intrinsically appear as the KK eigenstate with magnetic fluxes. Although nonvanishing Yukawa couplings to three generations of quarks and leptons are not allowed in this case with n h ≤ n ν (≤ 4 on T 2 /Z 2 ), some other perturbative/nonperturbative effects on the bulk and/or at the fixed points are expected to yield them. Therefore, the case mentioned here is interesting, providing a solution to the so-called µ-problem in the derived MSSM-like models with a single Higgs pair.
For n h > n ν , on the other hand, n 0 ≥ 1 Higgs pairs remain massless. Even in this case, the localized µ-terms play important roles in the phenomenological model building, at any rate, reducing the number of massless pairs by n ν compared with the original number of degenerated Higgs KK zero-modes n h , that is too large in most models. It is remarkable that nonvanishing Yukawa couplings are allowed in this case. Especially, we have found that a single pair of (H u , H d ), whose VEVs naturally realize observed mass ratios for down-type quarks with a certain value of Im τ , remain massless among multiple Higgs zero-modes for n 0 = n h − n ν = 1 due to the localized µ-terms. Therefore, at a low energy, we can realize a MSSM-like model, where three generations of quarks and leptons have hierarchical Yukawa couplings to a single pair of (H u , H d ), generating the observed mass ratios at least for downtype quarks. In some extensions of this case, we would expect an interplay between such localized µ-terms and some other perturbative/nonperturbative effects which generate a µ-term [32, 33, 34, 35] (and soft supersymmetry breaking terms) for the remaining massless pair to develop VEVs, effectively yielding hierarchical quark masses and mixing angles consistent with the observations. We conclude that, in both cases with n h ≤ n ν and n h > n ν , the localized µ-terms can play important roles in particle physics models constructed on magnetized orbifolds, although these two cases have different phenomenological prospects from each other. It is interesting to consider concrete embeddings of our 6D models into higher-dimensional ones which is just assumed in this paper. From a theoretical point of view, it will be important to study the resolutions of singularities associated with the orbifold fixed points [36] , which may reveal the origin of localized µ-terms (those are not renormalized perturbatively with N = 1 supersymmetry) where some blow-up modes could be involved. We will study these issues elsewhere.
